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NONLINEAR-AVERAGING ERRORS IN RADIATION PYROMETRY
by Donald R. Buchele

Lewis Research Center

SUMMARY

The error in measuring the average of a fluctuating temperature by optical
means is determined for cases of temporal or spatial fluctuation with small op-
tical depth. The method is applicable to line-reversal, absorption-emission,
and other pyrometric methods that involve the measurement of the absolute or
relative magnitudes of radiant flux. It 1s also applicable to some techniques
of gas analysis by radiometric means. Experimental confirmation of the analy-
sis is described for a Gaussian probability density distribution.

The analysils accounts for a previously reported discrepancy of a few per-
cent between a line-reversal pyrometer and other types of local (probe-type)
pyrometers. :

INTRODUCTION

The accuracy of optical methods of measuring gas temperature is often im-
paired when time or space variations in gas temperature affect the amount of
radiant flux delivered to the instrument. Since radiated flux 1s an exponen-
tial function of temperature, the result is a nonlinear averaging of tempera-
ture as determined by flux measurement.

Some experimental conditions (illustrated in fig. 1) that may lead to
errors in temperature measurement are the following:

(a) Constant emissivity throughout the line of sight (fig. 1(a)). Gas
flow is observed by an optical system over a path length L and a cross sec-
tion MP. (Symbols are defined in appendix A.) The radiated flux & from a
gas of high emissivity (e) ~ 1.0) and large optical depth k)L originates
mainly from one end of the optical path. For a gas of low emissivity
(ek << 1.0) all parts contribute equally.

(b) Variations of absorption coefficient along the line of sight and with
wavelength (fig. 1(b)). Within the finite wavelength interval accepted by the
flux detector, kI may vary from zero to a value much greater than unity; this
is typilcally the case for spectral line radiation. BSome of the optical methods
(ref. 1) require constant emissivity over the wavelength interval of measure-
ment.




The absorption coefficient is shown also as varying with L. This may be
the result of a temperature profile that changes the composition of the gas, or
the result of a radiating material added locally to the gas stream. Local ad-

dition of sodium from a movable probe was
B2 kL> L0 Ex) used in the investigations of references 2
;fffffffffﬂ——»kﬂzLQ&=l-3 and 3 to obtain a temperature profile by
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(a) Radiated flux weighted by emissivity. (c) Temperature profile along the
line of sight (fig. 1(c)). A temperature
kx profile may exist along the line of sight

b) Absorption coefficient nozzle. The radiated flux depends on the
X spectrum and profile. absorption coefficient distribution
T (figs. 1(a) and (b)). A temperature pro-
m file can also exist in the directions M
5 ] and P (fig. 1(a)). The combined effect
of temperature profile and absorption

(c) Temperature profile.
T coefficlent i1s reported in reference 4.

rgf“—’//’\\\“—4 ) as in the cross section of flow from a
L

(d) Time variation in temperature
(fig. 1(d)). A fluctuating temperature
t . may be caused by imperfect combustion.
{d) Fluctuating temperature. The fluctuation may be in time for a flow-
ing gas, or 1n space along lengths L, M,
and P for elther a stationary or a flow-
ing gas. . Fluctuation measurements are
given in reference 5.
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{e) Fluctuating absorption
coefficient, (e) Time variation in absorption co-

efficient (fig. 1(e)). Often a variation
in absorption coefficient will accompany
variation in temperature. For example,
the change is substantial for a concentration of the hydroxyl molecule in flame
gases.

Figure 1, - Experimental conditions.

For a combination of conditions (c) and (d), in which a local temperature
T(x,t) varies with time and location, and of conditions (b) and (e), in which a
local gas absorption coefficient varies with time and with wavelength
(k) = kA(X,t,%)), the resultant local radiance is N, = Np(x,t,A). The appar-
ent average radiance ﬁé of the gas is

0 L ty

N, = - Mpe dat ax A (1)



where the exponential factor is the radiant transmittance from a local point in
the gas to the gas boundary, and t7 1s the time interval over which the mea-
surement is averaged. In practice, the equation must be simplified by approxi-
mations appropriate to the experiment. The following are examples of such
simplifications:

(1) A narrow-band filter may limit the wavelength interval so that all
quantities may be assigned monochromatic values.

(2) The absorption coefficient may be so low that the exponential factor
may be assumed to be unity.

(3) The absorption coefficient may be assumed constant.

(4) The flﬁctuation amplitude may be assumed nearly constant from O
to L.

(5) The temperature profile may be flat enough so that it may be assumed
to contribute negligible error.

In the subsequent analysls of temperature fluctuations, approximations
(1), (2), and (5) will be used. These approximations simplify equation (1) so

that it becomes
L tl
= 1
N?\,g = H Ihky dt dx (2)

0 0

To integrate equation (2) in terms of temperature, it is necessary to
substitute MN(T) for Ny given by Wien's radiation equation, ky = K\ (T) de-
pending on the partial pressure of the radiating molecule, and then substitute
some function T(x,t). If, at any x, the temperature T,(t) is fluctuating
only slightly about a mean value T, it is not necessary to have the explicit
function T,(t). It is sufficient to use the probability density distribution
p(T ) of the temporal fluctuations of temperature about the mean value T.
Therefore, the average glven by equation (2) may be replaced by an average in

terms of p(Ty) as
L 0
ﬁ)\’g =/ / N, ()i (T) (T, )AT ax (3)
0] ~00

The quantity Nk is the average of the means ﬁk,g,x at any x along the
optical path I, where

ﬁ?\,g,x=’/‘ Ny (T) &\ (T)p(T, ) aT (4)



Since a Gaussian distribution of temperature about an average value
(Gaussian probability density function) is often approached in experiments,
this distribution will be assumed. Experimental evidence will be presented
later to show that this assumption was valid in a representative test facility
burning gasoline and air.

The dependence of the averaging error on other functional forms of the
distribution is treated in appendix B. The cases treated will be those in
which temperature varies periodically with time.

ANALYSIS

In a gas of thermal temperature T, the spectral radiance is given by the
Wien equation as

N, = clk_s e
The Wien equation deviates from the exact FPlanck equation by less than 1 per-
cent for AT < 3000 (um)(°K), and less than 10 percent for AT < 68000 (u)(°K).

The absorption ccefficient k) for one constituent of a gas mixture 1s
proportional to the partial pressure, which in turn is proportional to the
equilibrium constant of the gas mixture when the partial pressure 1s a small
fraction of the gas pressure. In turn, the equilibrium constant varies expo-
nentially with temperature according to the van't Hoff thermodynamic equation,
so that

ky = A e—B/T (6)

where A and B are constants, and B can be determined by using values of
partial pressure as a function of temperature computed by the method of refer-
ence 6. Thus, equations (5) and (6) may be combined to yield

(4
_ %(TZ-I'B)
Nk = AcjA™ e (7)

For a Gaussian distribution about an average temperature T

., = 2
o(T) = ItlAT o-L(T-T)/~/7 ar] (8)

where AT is the average deviation of the fluctuations, and by definition,

f p(T)aT = 1



Substituting equations (7) and (8) into equation (4) yields
Pel
1(02+B> - T \?
-5\ rB) - (P
Acl7\‘5 /7 AT
Y\,e = R AT e ar (9)

-~00

As T - T becomes large, the exponent of e becomes a large number. Conse-
quently, the term containing l/T may be approximated by a parabola. A parab-

ola that matches l/T at T and has the same slope there in terms of the var-
iable T - T 1is

= =2
_ T_; T C(T_é T) (10)
T T

=T
M|

where a constant C will be determined.

Integration after completing the square in the exponent yields

(¢
S 0N Y | ER §
Ac A" T \A 4(1+CY)
T 1
My,g,x = —————€ (11)

~/1 + Cr

where
2
c
Y= (T’f‘- + B) %(‘%—T) (12)

The average optically determined thermal temperature Eo is defined by

Ny, = k.c,A"° e (13)

The averaging error T, - T is obtained from equations (11) and (13) as

‘T‘O-T=T(%-> (14)



where

T 1n(1 + Cy)
€2
-— +
Figure 2 is a plot of equation (14) for constant values of 02/7@ and a con-
stant C equal to 0.8. This value of the constant yields an averaging error
within 5 percent of that obtained by numerical integration of equation (9) for

AT/T < 0.15 and (T, - T)/T < 0.1. The values of (cg/A + B)/T in figure 2
are for the indicated

B=l‘m1cw+ (15)

[ R I Lo wavelengths radiated by
Emitter (C—2+B)% Wave;‘le[zlgth hydroxyl (OH) and water
NI ‘ (Ho0) molecules and sodi-
T ——— Hydroxyl 36 0.31 um (Na) atoms at 1800° K
—— ———— Sodium 13,5 .59 ith B=20 f N a
————— Water 4,2 L9 wl - or aoan
H20 and B = 18,600° K

_(']; 1 1 / for OH.

The average optically
5 determined temperature
/ T, may be measured by
sodium-1ine reversal.
Average deviation AT
may be measured electri-
/ / / J cally with an alternating
. / current meter that re-
.008 A Y / sponds to the average
.006 /1 / / / / value of fluctuations in

// / the detector output volt-
004/ - // y age. For such radiant-

/ /. / flux measurement, equa-
/ ¥ tion (7) is differenti-
.002 / / : // / ated, and the result is

/ /

.001/ // . / / AT = Tz A(N?\k?\)
.0l . .02 .04_ _.06 .08 .1 .2 4 6 .81 Co ﬁ k
Fractional average deviation of temperature, AT/T, or radiance, AN/N = 4+ B ATA

Fractional error in average temperature, Ty-TNT
1=

~
=2

.02 / /

Figure 2. - Average-temperature error due to Gaussian probability density distri-

bution. Average temperature, 1800° K.
(16)

where ﬁjkx is proportional to the detector output average (direct—current)
voltage, and A(kax) is proportional to the detector output average deviation
(alternating current) voltage. Substituting equation (16) into equation (12)
yields the averaging error (T, - T)/T in terms of radiance fluctuation. This
is plotted in figure 2. The radiance measurement is subject to attenuatiocn by
space-averaging of A(NXKA) along the optical path, unless a probe-type of sen-
sor is used. Selection of a long wavelength for this measurement minimizes an
error caused by the nonlinear relation between N, and T in equation (7).



EXPERTMENTAT, EXAMPLE

In the course of development of a radiometer-pyrometer, the instrument was
tested by being used to measure temperature in a gasollne-burning Jet (ref. 7).
The exhaust gas flowed through a concentric ASME nozzle that produced a jet of
3-inch diameter. Since low-temperature combustion products in the optical path
outside the jet would absorb water radiation, this absorption was minimized by
using an air purge in a tube that extended up to the Jjet boundary (fig. 3(a)).
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— B S . T c
= I
1.2 S 12 /"™
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E \\ E.
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= 6 N =
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E . 1510, OH, 0.31p \\ ) 2
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0 5 1.0 L5 2.0 2.5 3.0 3.5 0 5 1.0 1.5 2.0 2.5 3.0

Radial distance from jet axis, in.

(a) Relative values. (b) Relative average deviations.

Figure 3. - Profiles of temperature and calculated radiance. Average temperature, 1800° K.

Temperature fluctuations were measured with a bare-wire crossflow thermo-
couple of 0.0l-inch diameter (ref. 8) and with the radiometer, which used the
1.9-micron emission from water vapor in the combustion products. Frequency
response of the thermocouple was extended to 65 cps by a transformer-type com-
pensator (ref. 9). Frequency response of the radiometer was limited by its
amplifier to 600 cps. The average deviation of the signal fluctuation was

measured with the vacuum tube voltmeter for both the radiometer and the thermo-
couple.

The average temperature was measured with a self-balancing potentiometer
for the thermocouple. The average radiance was measured with a vacuum-tube
voltmeter for the radiometer by means of chopped radiation. The voltmeter was
of the type that measures the average value of an alternating-current waveform,
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with a low-frequency response to 1 cps. The signal with chopped radiation was
a square wave with a peak-to-peak amplitude equal to the radiated flux. This
amplitude was twice the voltmeter reading for an ideal square wave. A tempera-
ture profile taken with the thermocouple is shown in figure 3(a). Correspond-
ing calculated radiance profiles are shown for OH and H;0 at specified wave-
lengths, with an optical depth much less than 1.0. The temperature profile was
converted to radiance by using equation (7) at 1.9 microns for H>0, and at 0.31
micron for OH radiation with B =0 for Ho0 and B = 18,600° K for OH. An
average radius of the gas jet is indicated, which, when multiplied by the radi-
ance at the jet axis, would yileld the same flux as that produced by the actual
profile. -

A temperature fluctuation profile taken with a thermocouple is shown in
figure 3(b). The corresponding calculated radiance fluctuation profile is
shown for Hp0 at the specified wavelength, with an optical depth much less than
1.0. An average radius of the gas Jjet is indicated, which, when multiplied by
the average deviation at the jet axis, would yield the same alternating flux as
that produced by the actual profile.

The following table gives the percent average deviation of gas temperature
AT/T  from 1800° K as measured by the
thermocouple on the jet axis and by the
radiometer averaging across the jet:

1 to 65 1 to 600 The radiometer average deviation of

Measuring Frequency bandwidth, cps
device

On jet | Average over 1.4 percent on the jet axis was esti-
axis |optical path mated to be the ratio of the average
radius for water of figure 3(a) to the
Average temperature deviation, average radius of figure 5(b) multi-
percent plied by the radiometer measured value.
Thermocouple| 3.2 — 84.0 The smaller average deviation shown by
) b | a the radiometer on the Jet axis may be
|Rediometer™ | “l.4 2.0 2.5 attributed to the attenuation caused
8Estimated. by optical space-averaging across the
Pyith water at 1.9 u. gas stream.

The existence of attenuation due
to optical space-averaging was demonstrated by making measurements with two
thermocouples initially placed side by side near the jet axis. Their frequency
response was extended to 22 cps by a resistance-capacitance compensator
(ref. 9). Their outputs were recorded with a double-beam oscillograph as one
thermocouple was moved radially from the Jet axis while the other remained
fixed on the axis. The close agreement of the two waveforms (fig. 4(a))
quickly vanished at greater distances (figs. 4(b), (c), and (d)). The two
thermocouple outputs were also fed to a correlator to give the correlation co-
efficient plotted in figure 5. An average distance 1 1s indicated, which,

mew
AN~ N AN PPN A N

(a) 1/8 Inch from jet axis. (b} U2 Inch from jet axis. {c) 1 inch from jet axis. (d) 1% Inches from jet axis.

Figure 4. - Oscillograph records of thermocouple signal amplitudes at axial and several radial positions. (Lower trace on jet axis.)



when multiplied by a coefficient of 1.0, would yield the same area as that
under the curve. The distance 1 1s approximately l/2 inch, whereas the Jjet
diameter 2R of figure 3(b) is 4 inches. Since 1 is small compared with
this diameter, as an approximation the gas lying along the optical path can be
replaced by a fictitious distribution con--
sisting of four zones of length 21, each of
which may be treated as radiating independ-
ently of the others and radiating an egual

3 ] amount of flux. The average fluctuation from
' all four zones will be /4 times the fluc-
] tuation of any one zone, whereas the average
flux will be four times that radiated from
one zone. Therefore, the fluctuation of

— 1.4 percent given by the radiometer on the

:9 e jet axis (previous table) should appear as a
local fluctuation of 2.8 percent after cor-
— rection for attentuation due to space-
averaging. This conclusion agrees quite well

1.0 —

Correlation coefficient

wlth the value of 3.2 percent recorded by the
\\\ ] thermocouple.
\_\
0 2 Lo L5 2.0 These experiments thus clearly indicate
Radial distance from jet axis, in. the existence of attenuation due to both
Figure 5. - Correlation curve for thermo- time-averaging and space-averaging. They

couple at jet axis. indicate also that the average deviation of

the fluctuations, as might be deduced from an
oscilloscope record of radiometer output, would be smaller than the true aver-
age deviation because of attenuation by space-averaging. In the particular

{a) Thermocouple.

Probability density distribution, p(T,}

Signal amplitude
(b) Radiometer.

Figure 6. - Measured probability density distribution of signal amplitude.



experimental apparatus used here, the attenuation by space-averaging was of the
same order of magnitude as the time-averaging attentuation.

The frequency content of the fluctuations is predominantly less then
600 cps, because a tenfold increase of the radiometer from 65 to 600 cps cor-
responds to only a 25 percent increase in average deviation (table on p. 8).

The increase from 2.0 to 2.5 shown in the table on page 8 for the radiom-
eter at the 600-cps frequency limit would also be expected for a thermocouple
that had the same frequency response. Thus, the most likely percentage fluc-
tuation of the gas temperature would be 4 percent for a probe-type sensor with a
frequency response of up to 600 cps. The corresponding error of a sodium-line
reversal temperature measurement is 1.45 percent, based on figure 2. A cor-
rection of this amount would account for the discrepancy at 1800° K between the
line-reversal method and the other temperature probes reported in reference 7.

The probability denslity distribution of amplitude fluctuations was re-
corded by an analyzer described in reference 10. The temperature distribution
obtained with the thermocouple is shown in figure 6(a), and the radiance dis-
tribution obtained with the radiometer 1s given by figure 6(b). Both distribu-
tions are of the Gaussian shape that was assumed in deducing the correction
method. The same results were obtained at other distances from the Jjet axis.
The oscillograph records of amplitude, given in figure 4 (p. 8), i1llustrate the
random waveforms.

CONCLUSION

Because of the nonlinear relation between radiance and temperature, the
average radiance measured corresponds to a temperature higher than the average
temperature. It was found that the error in the average of a fluctuating tem-

perature

(l) Increases with the square of the average deviation of fluctuation
(2) Varies inversely with wavelength, being greater at shorter wavelengths

(3) Approaches the average deviation at wavelengths in the visible spec-
trum as the average deviation increases and approaches 10 percent

(4) Is relatively independent of the functicnal form of the probability
density distribution of temperature

These conclusions apply when the temperature is averaged over some period
of integration. In addition, attenuation by space-averaging of the temperature
fluctuations over the optical path may contribute an additional error.

In a test facility designed for smooth combustion of gasoline and air, a
Gaussian probability density distribution of temperature was recorded. The
corresponding temperature error by the sodium line-reversal measurement was

1.5 percent.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohlo, May 21, 1964
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APPENDIX A

SYMBOLS
parameters of van't Hoff eq. (6)
constant of parabola eqg. (10); C = 0.8
Planck radiation constantsj co, = 1.438 (em) (°K)
constant defined following eq. (Bl)
rectangular wave parameter defined by eq. (Bé)
constants af eq. (B7)
spectral absorption coefficient
path length, in.
distance between thermocouples, in.
width of optical path, in.
radiance, w/(steradian)(cm?)
average radiance of gas
spectral radiance, w/(steradian)(cms)
height of optical path, in.
probability density distribution
radius of jet, in.
temperature, °K
average temperature, ok
temperature greater than average, OK
temperature less than average, °K
average optically determined temperature, CK
time, sec |
distance along optical path, in.

parameter defined by eq. (14)

11



Y parameter defined by eq.
S spectral emissivity

A wavelength, cm

@ radiated flux, w
Subscript:

c on centerline of Jet
Superscript:

(7)  average

(12)



APPENDIX B

AVERAGING ERROR WITH PERTODIC WAVEEFORMS

For the distributions considered here, p(T) is an algebraic function. The
integration makes use of the Taylor series expansion of the Wien radiation
equation itself instead of an expansion of the exponent of the Wien equation
as was used in the section ANALYSIS. The expansion is

w a =\2 3 2 T\
eB/T _ B/F, ET-T 1(E 2B\(r-T +;E__@_+@.Gé£
T T Z\me T T 6\T5 T T T

1 [E* 1283 | 36EE 24\ /T - T\F
si\=r - + - = — e (B1)
24\ T o e T T
where
C

Sinusoidal Waveform

For a sinusoidal temperature fluctuation T - T = (K/Z)AT sin 8, the dis-
tribution is

B(1) = —F - 7z (B2)

o
- (%AT) - (T - T)?

having the limits -AT /2 < T - T < AT x/2. Integrating equations (Bl) and
(B2) and following the procedure in the section ANALYSIS give

B=1-i1n1+ﬁ E_Z__ZEA_T2+_Ji ﬁ_i’cﬁ+§§}3_2__&%_EA_T4+.
E 16 \m2 TINT 1024 \ T4 7o T2 T \T
(B3)

Rectangular Waveform

The rectangular waveform shown in figure 7 has a parameter F such that
F =1 for a square wave. The relatlons are

13



= AT
TG-F_ T‘TG=2_F
2-F —»
2 where
Figure 7. - Rectangular wave- _
form, TF >T > TG

The average radiance due to the temperatures TF and Tg 1s

PNy g+ (2 -F)N g

N, = > (B5)

Integrating equations (BLl), (B4), and (BS) and following the procedure in the

section ANALYSIS give
AR IS S iy SR _l_) 82 _zE\(ar\, 1 |1 __ 1 |(s5 esf  em)(aT)’
T B 4\F 2-F\52 TN\T/ 12|r2 (2-7r)2\T° T2 TINT

111 1 Y 1285 3682 24E\/AT\®
wmlz Tl e e \)
F (2 - F)°J\T T T T J\T

Small Error Approximation

For small errors, where AE/T << 1, the temperature error equations, ob-
tained by combining equation (13) with equations (14) and (B3) or (B6), take

the form
T - T 2 2 3
o Tk (= )(F) xS - Ee)(E (B7)
T T T T T T

where E is defined by egquations (Bl) and (5) and the constants K5 Ko, and
¢ are given in the following table:

14



This table shows that Kl
variation.
to estimate

Temperature variation

Random (Gaussian
distribution)

Sinusoid

Square wave, F = 1.0
Rectangular wave

F =0.7

0.

K1
79

.62

.50

.55
.67
. 98
.98
.67

.55

.12

.90
-.90

-.30

-.12

Oscillograph waveform

74a¢ﬂv;f£k;%

B I N

Waveform Average AT/T First term | Second term To -
temper- in eq. (B7){in eq. (B7)
ature, Compute
T)
oK
—— b5 2837.5[0.0224| 0.0045 0 12.85
2837.5] .0224 .0089 .0029 33.5
2837.5| .0224 .0089 -.0029 17.0

is not sensitive to the type of temperature
The wave shape can usually be identified with sufficient precision
Ky and Kz by observing an oscilloscope pattern.

A numerical example of the rectangular type of temperature variation is
given in the following table to indicate the relative magnitude of the two
terms of equation (B7) with an asymmetrical waveform:

T, 9K

dl Exact

12.7

32.8

18.1
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